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Abstract. Scale structures were introduced by H. Hofer, K. Wysocki, and E. Zehnder as a new con- 
cept of a smooth structure in infinite dimensions. We prove that scale structures on mapping spaces are 
completely determined by the dimension of domain manifolds. As a consequence, we give a complete 
description of the local invariant introduced by U. Frauenfelder for mapping spaces. Product mapping 
spaces and relative mapping spaces are also studied. Our approach is based on the spectral resolution of 
Laplace type operators together with the eigenvalue growth estimate. 
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1. Introduction 

Scale structures were introduced by H. Hofer, K. Wysocki, and E. Zehnder to give a new concept of 
a smooth structure in infinite dimensions, see [HWZl, HWZ2] and the literature cited therein. One of 
the natural questions for understanding the geography of the new structures is about the existence of 
(local) invariants. The only local invariant for finite dimensional topological manifolds is the dimen- 
sion. Apart from the finite dimensional case, there are no invariants for separable Hilbert spaces since 
all of them are isometric to It turned out in [Frl] that scale Hilbert spaces which are Hilbert spaces 
equipped with scale structures are separable. So one may think that there would be no invariants on 
scale Hilbert spaces as well; however, there exists some invariant coming from a nested sequence of 
£^ spaces as studied by U. Frauenfelder [Frl]. Moreover he introduced fractal structures on scale 
Hilbert spaces on which he believes the right structure for a general setup of Floer theory. The local 
invariant he introduced can be expressed by simple formulas for fractal scale Hilbert spaces. In this 
paper, we focus on mapping spaces which are scale Hilbert manifolds. We show that scale structures 
on mapping spaces are completely determined by the dimension of domain manifolds. While proving 
this, we show that mapping spaces are fractal and give a complete description of the local invariants 
of them. 

Main Theorem. Two mapping spaces Map(A'^i, Mi) and Map(A''2, M2) are locally scale isomorphic 
if and only //dim A'^i = dim N2. 
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Loosely speaking, this is the main result of the present paper. Below we shall explain scale struc- 
tures of mapping spaces and restate the main theorem precisely in Theorem A and Corollary A. Scale 
structures of product mapping spaces are also studied in Theorem B by taking advantage of the *- 
operation on fractal scale Hilbert spaces; moreover, these results go through for relative mapping 
spaces under the mixed boundary condition, see Corollary B. In fact, scale structures on mapping 
spaces are relevant to the order of elliptic self-adjoint operators as discussed in the appendix. 

Definition 1.1. ' A scale smooth structure on a Hilbert space if is a tuple 

^ = {(^.,(-,-).)},,Mo 
where {H^, (•, ■)k), A; G No = N U {0} are Hilbert spaces and they build a nested sequence 

H = HoDHiDH2D---DH^:=f]Hk 

k=0 

with the following two axioms. 

(i) For each /c G No, the inclusion 

(Hk+i, (•, •)fc+i) ^ (Hk, (•, •)k) 

is a compact operator. 

(ii) The subspace Hoc is dense in {Hk, (•, for every A; G No. 

We will write W to emphasize that we are dealing with the scale Hilbert space Hj with the scale 
structure {Hj)k = -f^j+fc for j,k G No. The scale product of two scale Hilbert spaces T-L and T-L', 
n esc T-L' is defined by 

{{H ®sc H')k, {; ■)k) = {Hk © Hi {; ■)h, © (•, ■)hO- 

A scale Hilbert space y := {Yfc, ( •, • )k}k£^o is said to be a scale subspace of % if Yk is a subspace 
of Hk for all /c G Nq. Moreover if 3^ is a closed scale subspace of the orthogonal complement of 

y is defined by y-^ := {Y"^ ^^'')('r)fe} where stands for the orthogonal complement of Yk 

with respect to ( •, • The definition of scale Hilbert manifolds is the obvious modification from the 
definition of standard manifolds, or see [HWZl]. The product operation for scale Hilbert manifolds 
is also defined in a similar- vein and denoted by x^c- 

Definition 1.2. Let T-L and T-L' be scale Hilbert spaces. A map T : H ^ H' is called a scale operator 
if it induces bounded linear operators on each level, i.e. the induced operators 

T\h, -.Hk^H'f,, ke No 

are bounded and linear. A scale operator T : T-L ^ T-L' is said to be a scale isomorphism if it is 
invertible, i.e. there exists a scale operator T^^ : T-L' ^ T-L such that 

r-^or = idK, ror~^ = idK/ 

where Id-^ and Id-^' are scale operators which induce the identity operators on every level. If there 
is a scale isomorphism between H. and V.', then we say that they are scale isomorphic and denote by 



Our and Frauenfelder's definition of scale Hilbert spaces is somewhat different from Hofer-Wysocki-Zender's. Their 
definition only requires that the zeroth level Ho is a Hilbert space. 
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We recall the notion of fractal structures on scale Hilbert spaces studied in [Fr2]. We define a 
Hilbert space i^j for a monotone and unbounded function / : N — )■ (0, oo) by 



= {xi,X2,---) Xf, eR, n en, ^ < ooj 
with the inner product 

oo 

{x, y)f ■■= ^ f{fi)Xf,y^, x,y e i). 

We denote by T the set of functions / : N — > (0, oo) being monotone and unbounded. We define 
the equivalence relation on this space: Two functions /i, /2 G are called equivalent (write /i ~ /2) 
if there exists a constant c > such that 

-/i {^i) < f2 (^) < c/i ifi) , for all ^ G N. 

c 

The quotient set of by ~ is denoted by 

T:=T/ -={[/] l/G^}. 

Definition 1.3. An scale Hilbert space T-L is fractal if there exists f £ T such that T-L is scale isomor- 
phic to the scale Hilbert space i'^'f given by 

:={(4-(-'-)/0}.eMo- 

One can easily check that i'^'f^ and ^^'-^^ are scale isomorphic if fi ~ /2. In other words, an equiv- 
alence class [/] G T determines the structure of fractal scale Hilbert spaces. 

In order to define Frauenfelder's invariant for scale Hilbert spaces, we consider a scale Hilbert pair 
which consists of a pair 

n2 = {{Ho,{;-)o),{H^,{;-)l)} 

such that there exists a compact dense inclusion Hi Hq. Let 

=5^2 := {T-l-2, dim//o = oo}/ ~2 

where -^2 stands for the equivalence relation given by scale isomorphisms. It turned out in [Frl] that 
there exists a bijection 

$ : J- ^ ^2 

In particular, for a scale Hilbert space T-L, every Hilbert space {H^, (•, /c G No is separable. Since 
every separable Hilbert space is isometric to there is no invariant for separable Hilbert spaces. 
However, scale Hilbert spaces do have the invariant as Frauenfelder introduced: Let J?^ be the set of 
infinite dimensional scale Hilbert spaces modulo scale isomorphisms and A be the upper triangle of 
No X No, i.e. 

^ := {n, dimi/o = oo}/ ~2, A := {(ij) G No x No ^ < j}. 
Then the following map can be regarded as an invariant for scale Hilbert spaces. 

j^:^ — ^Map(A,7-) 

defined by for Ti e y, G A, 
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This also gives a local invariant for scale Hilbert manifolds and we use the same symbol R for that. 
The (local) invariant K can be computed in fractal scale Hilbert spaces (or manifolds). If T-L is scale 
isomorphic to I'^'f for some f £ T, then the local invariant for T-L is of the form ^{['H]){i,j) = [Z-'"*]. 

Definition 1.4. A scale operator T between two scale Hilbert spaces T-L and T-L' is said to be Fredholm 
if the following conditions hold. 

(1) ker T is finite dimensional scale subspace of H. 

(2) im T is a closed scale subspace of H'. 

(3) coker T := im is a finite dimensional scale subspace of Ti'. 
The index of a scale Fredholm operator T : T-L ^ T-L' is 

ind T := dim ker T — dim coker T. 

Remark 1.5. Since dim ker T < oo, there exist closed subspaces C H^, k £ 'Nq such that 
Hk = kerT © Yfc- It was proved that can be chosen so that y = {Y^, (•, is indeed a scale 
subspace of and = ker T ©^c 3^, see [HWZ 1] . It also holds that 7^ ' = im T ©^c im . Moreover 
by the open mapping theorem, T|y : 3^ imT is a scale isomorphism. 

From the definition of scale-Fredholm, we can extract the regularity property: If T : ^ is a 
scale Fredholm operator and there are e £ i/o and / G Hj for some j € No such that Te = /. Then 
e G Hj in fact. See [HWZl] for the proof. 

Definition 1.6. A scale operator T : T-L^ — )■ T-L^ is called a scale Hessian operator if it is a scale 
Fredholm operator of index zero and symmetric, i.e. (T.^ , = T0q for any ^, C G Hi. 

Frauenfelder gave the following evidence that fractal structure is the right structure for a general 
setup of Floer theory. 

Tlieorem 1.7. [Fr2] A scale Hilbert space carrying a scale Hessian operator is fractal. 

Now we aie in a position to describe the main results of this paper. It is well-known that mapping 
spaces 

Map(iV,M) ={(T^^+'=0'2(iV,M),( . , • )w''+^o,^n,M))} k^o 
considered in various types of Floer theory cany a scale Hessian operator. Here is a compact 
Riemannian manifold and M is an arbitrary manifold and ko is the smallest natural number satisfying 
2kQ > n = dim N. They are scale Hilbert manifolds modeled on the following scale Hilbert spaces, 
see Proposition 3.4. 

XiN,n*TM) ={(r'=+'=°'2(Ar,n*rM), ( • , • )w>'+''o.^iN,u'TM))} keNo 

for u G C°°{N, M). According to Theorem 1.7, such mapping spaces are expected to have fractal 
scale structures locally. The above mapping spaces depend on g the metric of N , but due to Corollary 
A below the mapping space with a different metric g' is scale isomorphic to the original space; thus 
we do not indicate the choice of metrics for notational convenience. We shall prove that this scale 
Hilbert space is fractal and moreover, the dimension of the domain manifold N determines fractal 
scale structures and the local invariant of mapping spaces. The precise statements are given below. 

Theorem A. Let E be a vector bundle over a closed Riemannian manifold {N, g). A scale Hilbert 
space X{N, E) is scale isomorphic to i'^'^ for /(/u) = /i^/*^™^, ^ G N. /« particular, the invariant 
R is given by 
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This theorem will be proved in Section 3 and Corollary A below is a direct consequence of the 
theorem. It is worth mentioning that this result shows that components of mapping spaces are locally 
scale isomorphic. 

Corollary A. In consequence of Theorem A, the local invariant Kfor Map(A^, M) is 



Moreover, let {Ni,gi) and {N2,g2) be closed Riemannian manifolds and Mi and M2 be any mani- 
folds. Then dim A^i = dim if and only //'Map(A'^i, Mi) is locally scale isomorhpic to Map(A'^2, M2) 

Theorem B. Let Ei and E2 be vector bundles over closed Riemannian manifolds Ni and N2 respec- 
tively and let dim A'^i <dim N2. A product of scale Hilbert spaces X{Ni,Ei) ®sc -^(-^2) -E'2) scale 
isomorphic to X{Ni, Ei). Accordingly, Map(A'^i, Mi) x^^ Map(A''2, M2) is locally scale isomorphic 
to Map(A'^2) M2)for arbitrary manifolds Mi, M2. 

Even if N has nonempty boundary, we can draw the same conclusion as above by imposing the 
mixed boundary condition which generalizes both Dirichlet and Neumann boundary conditions. 

Corollary B.Ifa compact manifold N has nonempty boundary. Theorem A, Corollary A, and Theo- 
rem B are true under the mixed boundary condition. 

In the appendix, we discuss the relations between scale structures (and hence the local invariant) of 
mapping spaces and the order of elliptic self-adjoint operators on elliptic complexes. 

Acknowledgments. I am grateful to my advisor Urs Frauenfelder for fruitful discussions. I also thanks 
to Jeong Hyeong Park for helpful communications. 



2.1. Spectral resolution. Let {N,g) be an n-dimensional closed Riemannian manifold and be a 
vector bundle over N equipped with a bundle metric {■,-)e- We denote the spaces of smooth sections 
of E resp. T*N ®Ehy T{N, E) resp. T{N, T*N ® E). We denote by T'^{N, E) the completion of 
r(iV, E) with respect to the the L^-product given by 



where (•, ■)t*n^e is the bundle metric on T*N (g) E induced by g and (•, •) e- If there is no confusion, 
we shall write instead of L'^{N, E) and L'^{N, T* N ® E). We consider a Riemannian connection 
V : r(iV, E) r{N, T*N E) and take the formal L^-adjoint operator of V, 

V* : r{N,T*N^E) ^ r{N,E), (V</>,V)l2 = (</',V»i2. 

Then the Bochner Laplacian is defined by 

A := V*V : T{N,E) — > T{N,E). 

This can be equivalently defined by Acf) = — traceV^c/) where V'^cp the second covariant derivative of 
(j) G r(A^, E) induced by the connection V on £' together with the Levi-Civita connection on T*N. 



Si{[Map{N,Mmz,j) = [^20--*)/dimAr]_ 



2. Preliminaries 




We also need the L^-product on T{T*N ® E) 
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A real number A € M is called an eigenvalue if there is some nonzero (j) E r(iV, E) satisfying 
A4> = Such a G r(A^, E) is called an eigensection associated to A. The set of all eigenvalues 
of A is called the spectrum and denoted by 

Spec(iV) = Spec(iV,5) = {A^j^^N = {Ai < A2 < • • • < A^ < • • • }. 

We say that {(jf)^, A^j^gN is a discrete spectral resolution of A if the set is a complete 

orthonormal basis for r^(iV, E) where 0^ G r(A^, E) so that A</)^ = A^(/)^. 

Theorem 2.1. Let A Bochner Laplacian on E. Then the fallowings hold: 

(i) There exists a discrete spectral resolution of A, {(pfi, A^j^gN- 

(ii) There are only finitely many non-positive eigenvalues and \^ ^ C /U^^" far some constant 
C > as fi ^ 00. 

Proof. The assertions hold for general elliptic self-adjoint operators of order 2 (e.g. self-adjoint 
Laplace type operators), see Theorem 5.1. We refer to the Gilkey's book [Gil, Chapter 1] or [GLP] 
for the proof. □ 

Remark 2.2. The simplest one among Laplace type operators is the Laplace-Beltrami operator Aq : 
C°°{N) —?■ C°°(iV) on smooth function spaces defined by 

Aqu = —dWgVgU = — trace^Hess tt 

where div^, V^, and Hess stands for the divergence, the gradient, and the Hessian respectively. In 
this case, the first assertion of the above theorem is proved by examining the Rayleigh quotient and 
the second assertion is nothing but the Weyl's asymptotic formula, see [Be] or [Ch]. The contractible 
component of a mapping space Map(A^, M) is modeled on a scale Hilbert space Map(A^, M™) where 
m = dim M. If this is the case, the whole arguments of the present paper can be following with the 
Laplace-Beltrami operator. 

2.2. Equivalence of Sobolev spaces. A section of vector bundle E ^ N is said to be of class W^'''^ 
if all its local coordinate representations are in W'^''''. This definition is independent of the choice of 
coordinate charts even if kp < n. But in order to make a definition of maps of class W^'P between 
manifolds which does not depend on the choice of coordinate charts, we need the following well- 
known proposition which holds only for kp > n, see [MS, Appendix B]. For such a reason, we only 
deal with VF^'^-maps between manifolds for kp > n. 

Proposition 2.3. Let C M" be a bounded open domain with boundary. If kp > n and ip G 
C°°(M), then we have the following smooth map between Banach spaces. 

The following theorem is the Bochner- Weitzenboch formula. The Laplace-Beltrami operator in 
Remark 2.2 obviously extends to C°°(iV, M™). 

Theorem 2.4. Let Aq be the Laplace-Beltrami operator on N. Then locally A = Aq + R where R 
is an endomorphism of E involving only the curvature tensor 

Proof. The proof can be found in [Gil, Chapter 4]. □ 

Next, we recall a significant estimation for the Laplace-Beltrami operator, called the Calderon- 
Zygmund inequality. 
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Theorem 2.5. Let 1 < p < oo, k > be an integer, and Aq be the Laplace-Beltrami operator on an 
open domain (7 C M". Ifu G C^(0), then there exists a constant c > satisfying 

||'u||vy'=+2.p(Q) < c(||Ao^i||vyfc.P(f7) + ||^i||LP(n))- 

Accordingly, /f Aq be the Laplace-Beltrami operator on a closed manifold N and u G C°°{N), then 
there exists a constant c > satisfying 

\\u\\^:k+2,p(^J^^ < c(||Aott||^yfe,P(7V) + IKi||LP{JV))- 

Here the constant c depends only on k, p, and Q (or N). 

Proof. The proof can be found in [Jo 1, Chapter 8] or [MS, Appendix B]. □ 
Definition 2.6. The A'^'P-norm on T{N, E) is defined by 

lkllA'=.P(Ar,£;) •= IklliP + + ll^^lliP + I|VAu||lp 

+ ... + ||V2(^V2-Lfc/2j)^Lfc/2j^||^^, 

Here || • ||lp is either || • \ \lp{n,e) or II ' \ \lp{n,t*n®e)- In particular, the A'^'^-norm is induced from 
the A'^'^-product given by 

{u,v)^k,2(N,E) = {u,^)l^ + {yu,Vv)L2 + {Af,Ah)L2 + {VAu,S/Av)l2 

Corollary 2.7. On a vector bundle E over a closed Riemannian manifold N, the W^'^-norm and the 
A^'P-norm are equivalent for 1 < p < oo. In particular, the Sobolev spaces defined by each of them 
coincide. 

T'''P{N,E) := T{N, E)^^'^^"^'"'^ = rpTe)"'" 



Proof. It is easy to see that there exists a constant c > such that 

M\A'':PiN,E) < c\\4>\\wk.p^N,E), e T{N,E), 

since locally V = d -\- A where d is the trivial connection and A is a matrix of 1 -forms whose 
entries are Christoffel symbols. The converse can be shown due to previous theorems. An immediate 
consequence of the Bochner-Weitzenboch formula and the Calderon-Zygmund inequahty is that there 
exists Co > satisfying 

\\4'\\w''.p{N,E) < co(||A(/)||^yfe-2,p(jv,B) + ll</'lliy'=-2.p(7v,£;))- 
Therefore there exist constants cq, ci, ■ ■ ■ , C > satisfying 

ll'/'lliyfc.P < Co(||A(^||^yfc-2,p + ||(/'||vyfc-2,p) 

< Co(ci(||AA(/.||^yfc-4,p + ||A(/.||^yfe-4,p) + C2 ( | | A(/.| | fe-4,p + \\(j)\\wk-i,p)) 

<C||0|U.,p. 

□ 

Remark 2.8. There is an alternative way to prove the preceding corollary. It can be proved that the 

/\fe,p.norm and the norm 1 1 • 1 1 v,fc,p defined by for G r(-^, E), 

V,k,p ■= ||</'||L2(Ar,E) + ||V(/>||L2(Ar,r*Afcg.£;) H ^ W'^'' 4>\\l'^{N,T* N«'''^E) 
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are equivalent by examining the commutator 

V*VV - VV*V : T{N, T*N^^ E) ^ T{N, T*N^^+'^ (g) E), j G N. 

An advantage of this approach is that the preceding corollary can be proved even for noncompact 
complete manifolds whose curvature tensors and their covariant derivatives are bounded. See Theorem 
1.3 in [Do] (or section 2 in [Sa]) but a wrong identity was used in the proof of [Do]; later on, it was 
repaired by [Sa]. 

3. Fractal scale structures on mapping spaces 

The objective of this section is to explore the geography of fractal scale structures on a scale Hilbert 
space X{N, E) which consists of 

{Tk+k,,\N,E),{;-)^,^,,a) D {T^^^'^^'\N,E),{-,-)^,+.,+.,.) D ••• D T{N,E) 
where is the smallest natural number satisfying 2kQ > n = dim A^. 

Theorem 3.1. A scale Hilbert space X{N, E) is fractal. More precisely, it is scale isomorphic to ^^'■^ 
for f{p) = A^, // G N where {A^j^gN is the spectrum of the Bochner Laplacian on E. 

Proof. According to Theorem 2.1, {0^}^^^ eigensections of the Bochner Laplacian A form an L^- 
orthonormal basis for T'^{N,E). Let A^ € M be an eigenvalue associated to (p^, /i € N. We can 
take A'^'^-product instead of VF'^'^-product due to Corollary 2.7. It is easy to see that {0;^}^gn form 
a A'^'^-orthogonal basis for T''''^{N, E), A; G N as well: For i, j G N, we compute 

+ . . . + (^y2ik/2-[k/2\)^lk/2\^^y2(k/2-lk/2\)^lk/2\^^^^^ 

+ ... + (a.a,)L'=/^J(a2('=/^-L'=/2J)c/>„</>,.)^. 

= (l + Ai + Af + --- + Af)((Ai,</>i)L2 
= (1 + Ai + Af + --- + Af)5ij. 
Let f{ii) = A^, /^i G N and consider the following map between two scale Hilbert spaces. 

^> : X{E,N) — > f'f 

Then the map $ is a scale isomorphism since for A^ > 1, 

A^» <1 + A^ + A2 + ... + A^° <(l + fco)A^°. 

□ 

Remark 3.2. In the case of Map(5^, M) whose levels are 

(L2(5SM),(-,-)z.2) D (t^i'2(S\lR),(-,->H/i,0 =5---^^"(^''^)' 

the usual Fourier basis forms a VF'^'^-orthogonal basis for I^*^^'^(S'^, M), A; G N as well as an l?- 
orthonormal basis for I? {S^ , M). The previous theorem together with Theorem 2. 1 yield that Map(5'^ , M) 
is scale isomoiphic the l?'^ for /(/i) = /^t^, ^ G N. This also can be shown by a straightforward com- 
putation with the Fourier basis as well. 
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We have not introduced the notion of differential of functions or maps in the scale-world since 
it is not our main concern; and we refer to [HWZl]. The following is a useful criterion for scale- 
smoothness. 

Theorem 3.3. [HWZl] Let T-L and %' be scale Hilbert spaces and V be an open subset ofT-L. Assume 
that a map T : V ^ %' is scale continuous and T|y^^j. : Vm+k H'^ is of class C^~^^ for all 
m,k > 0. Then T is scale smooth. 

Proposition 3.4. The mapping space Map(A^, M) is a scale Hilbert manifold with local charts on 

X{N,u*TM)foru e C^{N,M). 

Proof. The proof immediately follows from the Eliasson's work [El] together with the previous 
theorem. We first pick a smooth map u G C°°(iV, M); since C°°(iV, M) is dense in W^^'^{N, M) for 
all A; € N, it suffices to find open covering charts near smooth maps. We denote by the bundle map 
u : u*TM TM induced by u : N ^ M. Let D^TM be the e-disk subbundle of TM. There 
exists a small e > such that the exponential map exp^^j^j-^j^^ is a diffeomorphism onto an open 
neighborhood of p G M. Then we have the following parametrization: 

exp^ : T''+''°'^{N,u*D,TM) W''+'"'''^{N, M) 

</>(•) ^ exp {u{4>{-))) 

It turns out that VF^+^0'2(iV, M) is a Hilbert manifold and its differentiable structure is given by 
{^„^(exp^)-l}„gC-(7V,M) where := exp'l{r''+''°'^{N,u*D,TM)), see [El, Kl]. In order to 
prove that Map(A^, M) is a scale Hilbert manifold, we take a close look at the following map. 

where V is an open subset in X{N, u'*TM) given by Vk ■= (exp^)~i('^J= n ^J) and 
Expwiv. := (exp5)-i oexpJi : (exp^)-i(^J= n '^J) (exp^,)"'(^n n 

Due to [El], we know that each Exp„„/|vj. for all /c G N is of class C°° and Exp^„/ is obviously 
scale continuous. Thus, applying Theorem 3.3, we prove that Exp„„/ is scale smooth for all u, u' € 
C°°{N, M) and hence the proposition. □ 

Proof of Theorem A. According to Theorem 3.1, X{N, E) is scale isomorphic to I'^'f for /(^) = A^, 
;U G N. As /^f ^ oo, is asymptotically converge to /x^/" due to Theorem 2.1. Therefore X{N^ E) 
is scale isomorphic to I'^'f for /(//) = ;U^/", // G N. □ 

Proof of Corollary A. The proof follows from Theorem A and Proposition 3.4 □ 

In what follows, we shall define an operation on T to study fractal scale structures of product 
mapping spaces. See the introduction for definitions of sets F and F. The *-operation on F is 
defined to be for f,h^F, 

/*/i(l)=min{/(^),/i(^)|/iGN} 

/ * M2) = min {{/(/i), h{fi) I G N} \ {/ * h{l)}} 



■ (3.1) 

/ * h{i) = min {{/(/.), h{fz) I G N} \ {/ * h{l), ...,/* - 1)}} 
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Lemma 3.5, There exists a constant c > such that for /, /', /i € if / ~ /', 

-/' * Kfi) < f* h{fi) < cf * h{fi) for all ^ € N. 
c 

Proof. Since / ~ /', there exists c > such that 

-/'(/i) < /(^) < cf'ifi), ^ e N. 

c 

We will show that the assertion holds for this c > 0. Assume on the contrary that f*h{rj) > cf *h{r]) 
for some G N. The only nontrivial case is as follows: r, s G N, 

{/ * HI), ■..,/* %)} = {/(I), . . . , /(r), Ml), • • • % - r)}, 

{/' * /i(l), •••,/'* M'?)} = {/'(I), • • • , /^(i), • • • - 

If / * /i(7y) = /(r), by assumption, /(r) > cf * > cf{s) and thus r > s. This implies that 
Tj — r < T] — s and /i(77 — r) < /i(?7 — s). But then /(r) < /i(?7 — s) and this leads to a contradiction 

/*/i(r?) = /(r)<M^-s)</'*/i(r?). 

Suppose that / * h{7]) = h{r] — r), then by assumption, h{rj — r) > cf * h{r]) > ch{r] — s). Thus 
r < s and f{s) > h{r] — r). But then we get 

/ * h{r,) = h{r] -r)< f{s) < cf{s) < cf * h{rj) 

which also contradicts to our assumption. Thus we have proved that / * h{fi) < cf * for all 
€ N. In a similar way, one can prove / * h{fj,) > ^f * h{^) for all ^ G N and this completes the 
proof. □ 

This lemma yields that the *-operation descends to F: [/] * [h] := [f * h]. This product operation 
is commutative and associative. We endow a partial order on T as follows: [/i] < [/2] if there is 
c > such that < c/2(/i) for all G N. Then ^-operation preserves this partial order, i.e. 

[/i] * [h] < [f2] * [h] if [/i] < [/2]. Moreover it holds that [f] * [h] < [h], [f] interestingly. If 
we allow T to include an element e(/i) = oo for all G N, then {T, *) becomes a partially ordered 
commutative monoid with the identity element e. 

Proposition 3.6. An element [/] G J- which can be represented as a polynomial is an idempotent 
element with respect to the *-operation. 

Proof. There is no loss of generality in assuming that f{fi) = fi^. We note that 



f*f(.l^) = f 

and thus we have 



+ 1 



2 



.2 

Since G N, (4//)'' > (/U + 1)^, and hence 



(2) ^^^^ = (2) - ^ * ^^^^ - = 
This implies that [/] * [/] = [/] in T and thus the proposition is proved. □ 

Lemma 3.7. A product of fractal scale Hilbert spaces is fractal again. 
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Proof. It suffices to show that the product of i'^'f^ and i'^'f^ is scale isomorphic to t"^'^ for some 
monotone unbounded function h : 'N ^ {0, oo). An element in {i'^'-l'^ ®sc ^'^'^^)k = ^^fe © ^^fe is a 

Jl J2 

sequence (x, y) : N ^ M x ]R such that 

oo 

Then the following map is a scale isomoiphism by definition of *-operation. 

{x,y) I — > z 

where z{fi) := x{j) resp. := y{j) if /i * f2{fi) = fi{j) resp. f2{j) for j € N. □ 
Proof of Theorem B. Due to Theorem 3.1, there exist a scale isomorphism 

X{Ni,Ei)(Bsc-ViN2,E2)'^i^'^' ®sci^'^'. 

for /*(^) = where {A^I^^n is the spectrum of the Bochner Laplacians on r{Ni,E.i) for i € {1, 2}. 
Then Lemma 3.7 yields that 

X{Ni,Ei) ©,e X{N2,E2)'^ l^^^' ®sc^^'^'' ^ £2,/i*/2_ 

In addition, due to Theorem 2.1, ~ ^^/"^ and f2{^J) ~ //^''"^ as ^ oo where ni = dim A^i 

and n2 = dim Let us assume that ni < n2, i.e. [/i] > 1/2]. Since [/2] * [/2] = [/2] by Proposition 
3.6, we have 

[/2] = [/2]*[/2]<[/l]*[/2]<[/2]. 

This shows that ^2,/i*/2 ^nd f-f^ are scale isomorphic and hence the theorem is proved: 

SC SC SC SC 

X{Ni,Ei) (Bsc X{N2,E2) = f'^^ ®scl^'^' = i^'^'*^' = i^'^' = X{N2,E2). 

□ 



4. Relative mapping spaces 

This section is devoted to study relative mapping spaces. Let {N, ON) be an n-dimensional com- 
pact manifold with nonempty boundaiy In the presence of boundary, most part of spectral theory 
continues to work with nice boundary conditions. Here we consider the mixed boundary condition 
which generalizes both Dirichlet and Neumann boundary conditions. Let Lp's be submanifolds in M 
parametrized by p G dN and denote by L := jJaAr Lp. We are interested in relative mapping spaces 
of the following form. 



Map((iV,9iV),(M,L)) = {{W^^^^^i-, V^+^o.^)} 



fceNo 



where ko is the smallest natural number satisfying 2ko > n as before and VF^'^'s are Hilbert manifolds 
given by 

W^'^ := {u e W^^\N,M) I uip) G Lp, d,u{p) ^ N^{p)Lp, p G dN}. 

Here N^(j,-^Lp is the normal bundle of Lp d M at u{p) and v stands for the outwai^d pointing unit 
normal vector field of N at dN . This scale Hilbert manifold is modeled on the following scale Hilbert 
space. 



X{{N,dN),{u*TMXTL)) = { (^^+'''■^ (• , V^+^o.^ } 



fceNo 
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k 2 

where Hilbert spaces Tq 's are given by 

As we mentioned, this kind of boundaiy condition is said to be the mixed boundary condition; cj) sat- 
isfies the Dirichlet boundary condition on N^i^p^Lp and the Neumann boundary condition on T^(^p-^Lp, 
i.e. 

'/'(p)k.(p)Lp = o ^ d,mK,,L, = Q, pedN. 

Of course LpS can be a single submanifold, i.e. Lp = Lg for all p,q ^ dN. But in Floer theory, 
boundary points map to different Lagrangian submanifolds in general, see [Fl] for Lagrangian Floer 
homology and see the end of the first section in [HNS] for Hyperkahler Floer homology with the 
Lagrangian boundary condition. 

When we prove Theorem A, Theorem 2.1 and Theorem 2.5 played crucial roles. Corresponding 
theorems go through for relative mapping spaces under the mixed boundary condition. 

Theorem 4.1. Let A be the Bochner Laplacian on HfeeN ^8 ■ the fallowings hold: 

(i) A is self-adjoint with respect to -metric. 

(ii) There exists a discrete spectral resolution of ^ for Fg ^, {0^, A^j^gN- 

(iii) There are only finitely many non-positive eigenvalues and ~ C^j?^'^ for some constant 
C > as fj, ^ oo. 

Proof. See [Gi2, Chapter 1] with [Gr] or [GLP, Theorem 2.8.4]. □ 

Theorem 4.2. Let (N, dN) be a compact manifold with nonempty boundary. There exists a constant 
c > such that for u G C°°{N) with either u\qi^ = or duu\g]\f = 0, 

||u||^^fc+2,2(7v) < c(||Aou||i4/fc,2(7v) + lklliy=.2(Ar))- 

Proof. The proof can be found in [Jo2] and [We]. □ 

Proof of Corollary B. Making use of the above two theorems together with the Bochner- Weitzenboch 
formula (Theorem 2.4), the corollary is proved by following through the arguments of section 3. □ 

Lagrangian Floer homology. In this subsection, we justify the boundary condition described above is 
reasonable for Lagrangian Floer theory. Here we only consider the simplest case and refer to [Fl, Oh] 
for more general set-up. Let / be an interval [0, 1] and be the standard symplectic structure on 
(C",i) with the compatible metric g{-, •) = (xJc" (•,«•)• We note that wc" exact, i.e. cjc" = ^^A for 
some 1-form A on C" and that L = M" x {0} is a Lagrangian submanifold. We consider the space of 
VF'^'^-paths, /c e N, satisfying the Lagrangian boundary condition. 

n'^iL : C") := {7 G W^'^I, C") | -f{p), ida{p) eL = T^^p^L, p € {0, 1} }. 

This space carries the following action functional. 

A : n\L : C") ^ R, Ai^f) := j^j* X. 

It is worth noting that the boundary condition, idt^{p) € L, does not make any trouble to do 
Lagrangian Floer homology with A. Next we consider the H^'^'^-tangent bundle, k G No, along 
7 G n\L : C"). 

= n^^{L : C") := {e G 7*TC") | Cip), idt^P) G ^ = T^(p)L, P G {0, 1} }. 
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This boundary condition yields that ^ satisfies the Dirichlet boundary condition on the second M" 
factor of M" X M" = and the Neumann boundary condition on the first M" (= L). A direct 
computation shows that the Hessian of at 7 is given by 

This boundary condition is necessary for the well-definedness of the Hessian Jif^. At least it need to 
hold that [^] (p) € L and this follows from the boundary condition: 



5. Appendix: Some remarks on the local invariant 

As we have observed in the introduction, the invariant ^ has simple formulas for fractal scale 
Hilbert spaces that 

m^'^^])i^,j) = if-']- 

Thus the growth types of fractal functions / : N — > (0, 00) determine the (local) invariant for fractal 
scale Hilbert spaces (or manifolds). In Theorem A, we gave a complete description of the local 
invariant for mapping spaces Map(A^, M): 

j^([Map(iV,M)])(i, j) = [;^2{i-i)/dimiV]^ ^ ^ 

In this appendix, we construct mapping spaces which are fractal scale Hilbert spaces and whose 
fractal functions have different growth types from Map(A^, M) we have considered. Thus we provide 
concrete examples of fractal scale Hilbert spaces with a variety of the invariant formulas. 
For a scale Hilbert space V. which is scale isomorphic to we set 

n[j]:={{H,,, {;■),,)} jGN. 

Then T-L[j] is of course scale Hilbert subspace of T-L; furthermore it is scale isomorphic to £'^'f\ Ac- 
cording to this simple observation, we can easily construct mapping spaces with various polynomial 
growth types. For instance, 

Map(iV,M)[j] = {{W^^'^\N,R), (, IfceNo ^ /(^) = f^'' ^ "'"^ ■ 

In this simple example, honestly speaking, the growth type of fractal functions of mapping spaces 
is determined by the growth type of eigenvalues of the Laplace-Beltrami operator; since an elliptic 
operator of Laplace type is of order 2, Map(A^, M) (or Map(A^, M) in general) has the growth type 

using the following theorem, we can build mapping spaces whose fractal 
functions have of arbitrary polynomial growth types. 

Theorem 5.1. Let P be an elliptic self-adjoint operator on V{N, E) of order d > 0. Then the 
following holds: 

(i) There exists a discrete spectral resolution of P for T'^{N, E), {0^, A^j^g^. 

(ii) There are only finitely many non-positive eigenvalues and \^ ~ Cpi'^^'^ for some constant 
C > as fi ^ 00. 



Proof. The proof can be found in [Gil, Chapter 1] 



□ 
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Therefore we conclude that scale structures (and hence the invariant) on the spaces of sections of 
the following form are determined by the order of elliptic self-adjoint operators P and the dimension 
of domain manifolds N: 

Xp(N,E) = {{TUN,E),{.,-)p,k,2)},^^^ 
where each level and metric are given by 

k 

T'p{N,E) = {^e r\N,E)\p^(t> e r\N,E), i<j< k}, (</.,V')pa2 = Y,{P^4>,P'i^)L^- 

j=0 

Then following through the argument of the previous sections, we can prove that 

Xp{N, E) i f^f, fifl) = ^o^'iP/'ii^N^ 
and thus the invariant is of the form 

i^([A'p(iV,i?)])(z,j) = [^°rdP(i-i)/dim7V]_ 



References 

[Be] M. Berger, "A panoramic view of Riemannian geometry", Springer. 

[Be] RH. Berard, "Spectral geometry: Direct and inverse problems". Lecture Notes in Mathematics, Springer. 
[Ch] I. Chavel, "Eigenvalues in Riemannian geometry", Academic Press, 1994. 

[Do] J. Dodziuk, Sobolev spaces of differential forms and deRhani-Hodge isomorphism, J. Diff. Geom., 16 (1981) 63-73. 
[El] H. Eliasson, Geometry of manifolds of maps, J. Diff. Geom. 1 (1967) 169-194. 
[Fl] A. Floer, Morse theory for Lagrangian intersections, J. Diff. Geom., 28 (1988), 513-547. 
[Frl] U. Frauenfelder, First steps in the geography of scale Hilbert structures, (2009), arXiv;0910.3980. 
[Fr2] U. Frauenfelder, Fractal scale Hilbert spaces and scale Hessian operators, (2009), arXiv:0912.1 154. 
[Gil] R Gilkey, "Invariance theory, the Heat equation, and the Atiyah-Singer index theorem". Studies in Advanced Mathe- 
matics. 

[Gi2] P. Gilkey, The spectral geometry of operators ofDirac and Laplace type, "Handbook of Global analysis", Elsevier. 
[GLP] P. Gilkey, J. Leahy, J.H. Park, Spinors, spectral geometry, and Riemannian submersions, Seoul National University, 

Research Institute of Mathematics, Global Analysis Research Center, 1998. 
[Gr] G. Grubb, "Functional calculus of pseudodifferential boundary problems". Progress in Mathematics, 65 Birkhauser, 

1996. 

[FINS] S. Hohloch, G. Noetzel, D. Salamon, Hypercontact structures and Floer theory, Geom. TopoL, 13 (2009), 2543- 
2617. 

[HWZl] H. Hofer, K.Wysocki, E. Zehnder, "Fredholm theory in polyfolds I: Functional analytic methods". Book in prepa- 
ration. 

[HWZ2] H. Hofer, K.Wysocki, E. Zehnder, A general Fredholm theory I: A splicing-based differeritial geometry, J. Eur. 

Math. Soc. 9 (2007), 841-876. 
[Jol] J. Jost, "Partial differential equations". Springer, 2002. 
[Jo2] J. Jost, "Postmodern Analysis", Springer, 2005. 
[Ka] J. Kang, Morse lemma on scale Hilbert spaces, in preparation. 
[Kl] W. Klingenberg, "Lectures on closed geodesies". Springer, Berlin, 1978. 

[MS] D. McDuff, D. Salamon, "J-holomorphic curves and symplectic topology", American Mathematical Society Collo- 
quium Publications, 52 2004. 

[Oh] Y.-G. Oh, Floer cohomology of Lagrangian intersections and pseudo-holomorphic disks I, Comm. Pure Appl. Math. 
46 (1993), 949-994. 

[Sa] G. Salomonsen, Equivalence of Sobolev spaces. Results Math., 39 (2001), 115-130. 
[We] K. Wehrheim, "Uhlenbeck Compactness", EMS Series of Lectures in Mathematics, 2004. 

Department of Mathematical Sciences, Seoul National University 
E-mail address: hohol59@snu.ac.kr 



